We present a numerical study of the Higgs mode in an ultracold confined Fermi gas after an interaction quench and find a dynamical vanishing of the superfluid order parameter. Our calculations are done within a microscopic density-matrix approach in the Bogoliubov-de Gennes framework which takes the three-dimensional cigar-shaped confinement explicitly into account. In this framework, we study the amplitude mode of the order parameter after interaction quenches starting on the BCS side of the BEC-BCS crossover close to the transition and ending in the BCS regime. We demonstrate the emergence of a dynamically vanishing superfluid order parameter in the spatiotemporal dynamics in a three-dimensional trap. Further, we show that the signal averaged over the whole trap mirrors the spatiotemporal behavior and allows us to systematically study the effects of the system size and aspect ratio on the observed dynamics. Our analysis enables us to connect the confinement-induced modifications of the dynamics to the pairing properties of the system. Finally, we demonstrate that the signature of the Higgs mode is contained in the dynamical signal of the condensate fraction, which, therefore, might provide a new experimental access to the nonadiabatic regime of the Higgs mode.
I. INTRODUCTION
Due to a remarkable control over many relevant system parameters which, in most cases, can be tuned at will, ultracold quantum gases are an ideal testbed for many-body theories and for concepts known from solidstate theory. These include, e.g., lattice symmetries [1] , topological properties [2] , spin-orbit coupling [3, 4] , and non-homogeneous superconductivity [5] . For these reasons ultracold Fermi gases have received great attention both from an experimental and from a theoretical point of view [1, 6] .
Using a Feshbach resonance [7] to adjust the interaction strength a Bardeen-Cooper-Schrieffer (BCS) superfluid state of Cooper pairs has been achieved for small attractive interactions, whereas in the limit of large interactions between the fermions repulsive bosonic dimers form and a Bose Einstein condensate (BEC) of the latter has been observed [8] . Those two limiting superfluid states are connected by the BCS-BEC crossover featuring strong interactions and unitary properties [9] .
The implementation of ultracold Fermi gases always requires an external confinement, e.g., optical traps. The control of this external confinement on the one hand provides means for the outstanding control over the system [1, 10] . On the other hand, this implies a finite system size which can have a major impact on the physics of a superfluid system. The pairing properties strongly depend on the structure of the energy spectrum of the system and, hence, on the dimensionality of the system. Theoretical studies predict an atypical BCS-BEC crossover due to confinement effects [11] .
Recently, efforts have been devoted to the nonequilibrium properties of the superfluid state [12] [13] [14] . Due to the spontaneously broken U(1) symmetry two fundamental modes of the complex order parameter evolve: the (massive Higgs) amplitude mode and the (massless Goldstone) phase mode. The observation of the collective Higgs excitation in a system with spontaneous symmetry breaking (SSB) is of fundamental importance to gain a better understanding of the physical system at hand, as was recently demonstrated in the case of the standard model of particle physics [15] .
The first evidence of the Higgs mode was reported by Raman scattering in a superconducting charge density wave compound [16, 17] . Furthermore, in ultracold gases the Higgs mode has been observed in the spectral response of a 2D optical lattice excited by an amplitude modulation of the lattice [18] . A time-resolved observation of the nonadiabatic regime of the Higgs mode [19, 20] , as has been achieved in a superconducting NbN film [21] [22] [23] , is still pending for ultracold gases. In order to reach the nonadiabatic regime the challenging implementation of an interaction quench has been proposed to be done either by an RF flip of one species of the condensate (cf. [24] ), which leads, in the vicinity of a Feshbach resonance, to the desired almost instantaneous change of the scattering length. Alternatively the quench could be implemented by an optical control of the interaction in quantum gases [25] . However, there are several theoretical studies addressing an ultracold Fermi gas after an interaction quench [26] [27] [28] [29] [30] [31] [32] [33] [34] . In the case of a homogeneous system three dynamical phases depending on the excitation condition have been predicted analytically [26] . They include persistent oscillations of the BCS gap ("phase III"), damped oscillations with inverse square root decay ("phase II") and a dynamical vanishing of the order parameter ("phase I"). Previous studies in confined systems focused on the damped oscillations and showed that for superconducting BCS nanowires the decay exponent is changed from −1/2 to −3/4 due to quantum size resonances [35] , while for even tighter confined superconducting nanorods the decaying oscillation becomes irregular [36] . In a BCS Fermi gas confined in a box with periodic boundary conditions in two dimensions and a harmonic confinement in the third dimension the inverse square-root decay has been confirmed [33] and for a three-dimensional harmonic confinement an additional fragmentation of the damped oscillations has been predicted [34] .
In this paper we show that the dynamical vanishing of the superfluid order parameter, i.e., phase I, also emerges in a Fermi gas confined in a three dimensional harmonic trapping potential after an interaction quench. The emergence of phase I has not only been shown in ultracold Fermi gases but also in BCS superconductors [37, 38] . Here, we analyze the transition to a dynamically vanishing order parameter in dependence of the confinement properties. To this end, we present a numerical study based on the previously published microscopic density matrix approach within the Bogoliubov-de Gennes framework [34] . This allows for a full microscopic and coherent quantum mechanical treatment of the system and provides access to the spatiotemporal dynamics of the order parameter as well as to the condensate fraction which is a possible experimental candidate to carry the signature of the Higgs mode. This paper is organized as follows. In Sec. II we will give a short summary of the used theoretical model, while Sec. III is devoted to the results of our numerical calculations. We start by discussing the spatiotemporal dynamics of the order parameter in Sec. III A. In the next step, we will give a detailed analysis of the dynamical vanishing in a cigar-shaped trap in Secs. III B and III C based on the spatially averaged order parameter. In Secs. III D and III E we will provide extrapolations to typical experimental particle numbers. Finally, in Sec. III F we present the dynamics of the condensate fraction after an interaction quench. In Sec. IV we will briefly summarize our findings.
II. THEORETICAL MODEL
We employ the Bogoliubov-de Gennes (BdG) formalism [34, 39, 40] to calculate the dynamics of the superfluid order parameter ∆(r, t) of an ultracold Fermi gas confined in an axially symmetric harmonic trapping potential after an interaction quench. In this section, we provide a short summary of the most essential aspects of the used formalism and the relevant system parameters. For a comprehensive discussion of the formalism we refer the reader to our previous work [34] .
We consider the gas to be composed of fermionic 6 Li atoms in two different internal spin states (labeled by ↑ and ↓) with equal particle numbers N ↑ = N ↓ = N/2. The atoms in the two spin states interact via a contact interaction with V contact = (4π 2 a/m) δ(r 1 − r 2 ) = g δ(r 1 − r 2 ), where m is the mass of a 6 Li atom and a < 0 is the scattering length. Hence we only consider systems on the BCS side of the BEC-BCS crossover.
We use a cigar-shaped harmonic confinement potential given by
where ω ⊥ (ω ) is the radial (longitudinal) confinement frequency, respectively. We denote the eigenfunctions of the confinement potential by r|k = φ k (r) and the equidistant single-particle energies of the confinement potential are labeled by ξ k , where we use the tuple k = (k x , k y , k z ) with k i ∈ {0, 1, 2, ..}. In this paper, we consider elongated traps characterized by an aspect ratio of the cloud r = ω ⊥ /ω ≫ 1. In such a geometry one-dimensional subbands form resulting in quantum size oscillations in the case of small particle numbers [11, 34] . In order to characterize the number and positions of these subbands it is instructive to introduce the subband parameter s = E F /( ω ⊥ ) where the Fermi energy E F is given by the chemical potential in the non-interacting case. That is, for a system with s = j, where j ∈ N, the minimum of subband j is located at the Fermi energy. The choice s = j + 0.5 implies that the physics of the system are not dominated by a single band and the effects of the quantum size resonances are negligible also in small systems (cf. [34] ).
In order to describe the system, we use the introduced contact interaction and confinement potential and we obtain the BdG Hamiltonian with the BCS-like mean-field approximation
where H 0 is the single-particle Hamiltonian. By doing so we introduce the superfluid spatially dependent order parameter
Here, Ψ σ (r) is the field operator annihilating an atom with spin σ at position r. The corresponding eigenvalue problem to the Hamiltonian in Eq. (1) is the BdG equation which reads
The solution of this equation yields two branches (labeled by K → ka and K → kb) for the eigenenergies and eigenfunctions which result from the two spin species. However, the eigenenergies and eigenfunctions can be expressed by one another [39] . Therefore, we drop the index a/b wherever possible and imply thereby the use of the states and energies corresponding to branch a.
Since the BdG equation has the form of a one-particle Schrödinger equation we use the BdG wave functions to introduce Bogoliubov's quasiparticles which diagonalize H BdG . The transformation reads
In order to obtain the solution of the BdG equation we make use of Anderson's approximation [41] , i.e., we assume the BdG wave functions to be proportional to the bare atomic wave functions with u k (r) = u k φ k (r) and v k (r) = v k φ k (r). This yields the BdG eigenenergies
and BdG coefficients
where ∆ k = k|∆(r)|k . Exploiting this solution and substituting Bogoliubov's quasiparticles in the definition of the order parameter in Eq. (2) we obtain the wellknown self-consistency equations for the order parameter and the chemical potential µ in the ground state of the system at T = 0 K. They read
where we have used
The self-consistent solution ∆ k of these equations characterizes the pairing properties in the ground state of the system, where the pairing takes place predominantly in an interval around the chemical potential as known from bulk BCS theory. The factor
Eq. (7) regularizes the well-known ultraviolet divergence of the contact interaction [11, 31, 42] . This regularization is introduced into all terms which result from summations over states k. Additionally, the numerically necessary cutoff is chosen such that all physical effects are qualitatively correctly accounted for.
In order to excite the nonadiabatic dynamics of the system we implement an interaction quench, i.e., an instantaneous change of the scattering length a, which leaves the particle density n(r) = n ↑ (r)+n ↓ (r) = 2 Ψ † ↑ Ψ ↑ unchanged. In doing so, only occupations x kl = γ † ka γ la = γ † kb γ lb and coherences y kl = γ † ka γ † lb = γ lb γ ka * which are diagonal in terms of the quasiparticles, i.e., x kl = x k δ kl and y kl = y k δ kl , are excited.
In the next step, we utilize Heisenberg's equations of motion in order to obtain equations of motion for the occupations x k and coherences y k of the density matrix. For our dynamical calculations we choose a timeindependent basis, i.e., the basis given by the final system (u m ,v m ). This leads to a time-dependent Hamiltonian and the appearance of terms specifying the deviation between the dynamical gap ∆ and the ground-state value ∆ GS . The obtained equations of motion read
where
and the deviation of the current gap is given by
Here, χ l regularizes this term in analogy to Eq. (7).
We solve these equations of motion numerically with the Runge-Kutta-Fehlberg method which provides good numerical stability for all investigated sets of parameters. Finally, we invert Bogoliubov's transformation and we arrive at the space-and time-dependent order parameter in terms of the quasiparticles which reads
III. RESULTS
In this section, we will first discuss the full spatiotemporal dynamics of the modulus of the order parameter |∆(r, t)| and in the next step we turn to the temporal evolution of the modulus of the spatially averaged order parameter given by
⊥ l is determined by the harmonic trapping frequencies. This quantity will enable us to carry out a systematic study of the obtained dynamics in dependence on the trap parameters.
In this paper, we investigate interaction quenches for which the initial ground state, characterized by 1/(k F a i ) and the ground-state gap ∆ i , is situated in the crossover regime of the BEC-BCS crossover and the final ground 
Spatiotemporal dynamics of the modulus of the order parameter after a sudden change of the scattering length from 1/(kF ai) = −0.4 to 1/(kF a f ) = −1.45 and an aspect ratio of r = 50, where τtrap = h/δE = 1/(2f ) is the characteristic time scale of the trap [34] .
Here, we assume the well-known dispersion relation of the homogeneous Fermi gas in order to obtain the Fermi wave vector k F . Throughout the paper we choose 1/(k F a f ) = −1.45 and characterize the strength of the quench by the initial coupling parameter 1/(k F a i ). We note that it would also be possible to characterize the quench strength by ∆ f /∆ i in analogy to [26] . However, with the introduced regularization ∆ f /∆ i converges much slower than ∆ k when increasing the numerical cutoff. Since ∆ k determines the main properties of the system in our formalism it is sufficient to choose the numerical cutoff according to ∆ k , which substantially reduces the numerical effort. Bearing this in mind, we characterize the quench strength by 1/(k F a i ), which is independent of the numerical cutoff. In the case of a homogeneous system a study of similar quenches has been done before and our quenches here are connected to the emergence of phase I [26, 28] .
A. Spatiotemporal dynamics
In this section, we will investigate the spatiotemporal dynamics of the order parameter. To this end, we keep here, and in Secs. III B and III C, the subband parameter s = 3.5 fixed. Furthermore, we choose ω = 2π · 120 Hz, which then determines together with a given aspect ratio r and subband parameter s the transverse trapping frequency ω ⊥ and the particle number N .
In Fig. 1 we show the spatially dependent modulus of the order parameter |∆(r, t)| at six different times after an excitation by an interaction quench. Figure 1(a) shows the initial spatial distribution of the gap at t = 0 after the instantaneous quench, i.e., the excitations introduced by the quench are already included. We find a symmetrical distribution which features a maximum in the center of the trap. After t = 0.05τ trap , we obtain a rapid decay of the order parameter of approximately one order of magnitude which affects the whole trap (cf. Fig. 1(b) ). In addition, we find that the relative suppression of the order parameter with respect to the groundstate value of the final system is strongest in the center of the trap. Subsequently, we find that the remaining condensate moves towards the center of the trap where the distribution of the order parameter becomes very narrow with a large amplitude at t = 0.5τ trap (cf. Fig. 1(d) ). Comparing Figs. 1(c) and (e), which are almost identical, we see that this behavior occurs oscillatory and we find that the frequency is given by f collapse = 2f . Finally, in Fig. 1(f) we see a revival of the order parameter at t = τ trap , which shows two maxima located symmetric to the center of the trap.
Overall, from Fig. 1 we extract two effects. The first one is characterized by the rapid initial decay of the order parameter and the revival after τ trap . The initial distribution of |∆(r, t = 0)| is set by the ground-state order parameter of the initial system while at the time of the revival we see that the order parameter shows two maxima which result from -as our data shows-the spatial profile of the order parameter in the final system. The second effect is an oscillation taking place in the remaining superfluid after the initial decay. We see from our data that the suppression of the order parameter with respect to the ground-state value is strongest in the center of the trap. This causes the superfluid to start oscillating in the harmonic trap by moving towards the center. An analysis of the complex phase of the order parameter Φ(r, t) shows that this oscillation fulfills the general relation between the superfluid velocity and the gradient of the phase, i.e., v s = /m ∇Φ(r, t). This implies that the order parameter obeys a continuity equation and, hence, this oscillation will not be visible in the spatially averaged order parameter, as we will see in the next section.
Before we proceed, we point out that during the dynamics the average occupation number of the fermionic atoms stays smeared out around the chemical potential and the coherences y k of the density matrix stay finite, indicating the existence of pair correlations at all times. In equilibrium these properties are directly linked to a superfluid behavior of the system. In a dynamical situation these properties are typically related to a superfluid behavior of the system even in the case of a vanishing order parameter as was also pointed out in Ref. [28] .
In the following, we will systematically analyze the dynamical vanishing of the order parameter in a harmonic trap. To this end, we will discuss the modulus of the order parameter averaged over the trap. First, we will show that this is a suitable quantity to characterize the dynamical vanishing. Further, we will investigate its dependence on the aspect ratio r of the trap for small systems with fixed parameter s. In the next step we will show how the results scale for a larger system and, finally, we will present the dynamics of the condensate fraction for larger systems after the same type of quench.
B. Dynamical vanishing in the spatially averaged order parameter
Figure 2(a) shows the dynamics of the modulus of the spatially averaged order parameter in a system with r = 50 after quenches with 1/(k F a i ) = −0.4 (blue solid curve) and 1/(k F a i ) = −0.8 (red dash-dotted curve). After the stronger quench (i.e., 1/(k F a i ) = −0.4, being identical to Fig. 1 ) a decay of the modulus of the order parameter to a value which is much smaller than the ground-state value of the final system ∆ f (solid green line) is seen. Following this decay a plateau evolves where the averaged value of the height of the plateau is labeled by ∆ ∞ . Although the height of the plateau is very small compared to ∆ f there are still some oscillations with the transverse confinement frequency ω ⊥ visible. Since we cannot expect an exact vanishing of our numerical solution of a nondissipative model, we will, nevertheless, refer to such a behavior as dynamical vanishing of the gap. A technical discussion of the classifications of the numerical solutions is provided in the Appendix. Overall, our definition of the dynamical vanishing of the gap is in close analogy to what has been labeled phase I in a homogeneous system [26] .
Additionally, in contrast to the homogeneous system, there are pronounced spikes visible at τ trap . These result from the rephasing of the oscillators, i.e., the quasiparticle occupations and coherences, with equidistant energies spaced by δE = 2hf that contribute to the dynamics. Therefore, the time is given by τ trap = h/δE = 1/(2f ) as has been discussed for the dynamics dominated by a dephasing of these oscillators, also labeled by phase II [26, 34] .
In comparison to the spatiotemporal dynamics in Fig. 1 we find that ∆(t) precisely maps the rapid decay and the revival of the order parameter. As expected the oscillations towards the center of the trap are not visible; instead we observe an oscillation with the transverse confinement frequency. In general, this oscillation is also visible in ∆(r). However, it is not visible in Fig. 1 due to the temporal spacing of frames since f ⊥ ≫ f . Thus, we establish that ∆(t) is suitable to analyze both the initial decay and the evolution of a plateau in the dynamics of the order parameter in a cigar-shaped trap.
The weaker quench, i.e., 1/(k F a i ) = −0.8, belongs to phase II and shows an oscillation around a non-vanishing average, slightly smaller than ∆ f . The higher-frequency parts are given by the transverse trapping energy ω ⊥ . For an exhaustive discussion of phase II in an inhomogeneous system we refer the reader to our previous publication [34] . In addition, comparing the two quenches we see that a larger quench leads to a faster initial decay of the order parameter which we will come back to later.
In order to gain further insight into the dynamics we show the Fourier transform of the dynamically vanishing amplitude of the order parameter in Fig. 2(b) . We observe a spectrum with equidistant Fourier components spaced by 2f which decay with increasing energy. The equidistant peaks evolve as a result of a nonlinear behavior of the equations of motion. While for a small quench, i.e., in the linear phase II, the Fourier components are given by the BdG quasiparticle energies (green dots) the frequencies for a large quench are given by the difference between the energies of the quasiparticle states contributing to the dynamics. To be precise, each occupation and coherence oscillates dominantly with a frequency given by twice the difference between the corresponding singleparticle energy and the chemical potential µ. Since the final system is located in the BCS regime, i.e., µ ≈ E F , this difference is always a multiple of ω . Overall, we obtain in phase I a spectrum with equidistant peaks dominated by non-linear effects. We refer to such a spectrum as "quasi-ungapped" spectrum, since the gap of the spectrum is given by the energy spacing of the equidistant peaks which is much smaller than the quasiparticle gap of the ground state.
In such a case of an equidistant quasi-ungapped spec-trum a Fourier series directly connects the initial decay in the time domain with the width of the distribution of the frequency components. We label this width by β and determine it by an exponential fit in the time domain, which we discuss in the Appendix. In frequency space a physical understanding of the width of the decay can be obtained when considering the BCS pairing properties: Cooper pairing of atoms takes place in an interval around the chemical potential determined by the BdG wave functions. From the solution of the BdG equation we see that the width of this interval is determined by the gap ∆ k of state k at the chemical potential µ. Further, the pairing strength continuously decreases in the given interval with increasing distance to the chemical potential due to the form of the BdG wave functions. This implies that the amplitude of the oscillation of the occupations and coherences decays with increasing distance to the chemical potential. Therefore, considering Eq. (14) also the Fourier coefficients of the dynamical vanishing gap decay with increasing energy over a width determined by ∆ k . Overall, we find that the width β is connected to the pairing properties at the chemical potential which can be characterized by the smallest BdG eigenenergy E min , since ξ k ≈ µ at the chemical potential. Hence, we obtain that β ∝ E min for the dynamical vanishing of phase I. We have confirmed numerically that there is no additional dependence on the aspect ratio, i.e., for a given E min β is identical for any aspect ratio r.
Summarizing, from Fig. 2 we have extracted the relevant physical properties to understand the dynamical vanishing in an inhomogeneous system. We have shown that the dynamics has a nonlinear character and we have related the dynamical behavior to the ground-state properties of the final system for a given quench strength and aspect ratio. We have shown that for a given quench the initial decay characterized by β is proportional to the pairing properties in the final state, i.e., E min which, thus, will be an important variable for the subsequent analysis. With this fundamental understanding we now turn to the transition between the two different "phases" and investigate the impact of different aspect ratios.
C. Impact of the aspect ratio
In the following we will systematically investigate the impact of the aspect ratio of the cloud on the emergence of a dynamical vanishing of the spatially averaged order parameter. We will first establish numerical criteria necessary for the analysis and then evaluate the dynamics for various aspect ratios and again connect the observed behavior to the ground-state pairing properties characterized by E min .
For the subsequent analysis of the dynamical vanishing of the order parameter ∆ ∞ will be the central quantity. We obtain ∆ ∞ from our numerical data by fitting an exponential decay f (t) = exp(−βt)+α in the beginning and by checking whether a flat plateau evolves afterwards. For this we require β to be large enough (criterion A) and an oscillatory behavior to be nonvisible in the subsequent dynamics (criterion B). If a plateau is identified we take ∆ ∞ as the height of this plateau otherwise ∆ ∞ is the arithmetic mean over the whole calculation time. A discussion of details and implications of our numerical procedure is provided in the Appendix.
In the following, we carry out an analysis of ∆ ∞ for a range of quenches which all end at the same 1/(k F a f ) = −1.45 where we vary the aspect ratio of the systems and keep the parameters s = 3.5 and ω = 2π · 120 Hz fixed. In Fig. 3 we show results for four different aspect ratios which represent the effects obtained from our numerical data. For small quenches, i.e., small 1/(k F a i ), we find a decreasing of ∆ ∞ with increasing quench strength, i.e., larger 1/(k F a i ), as has been predicted before [26, 33] . Increasing the quench strength further, we observe a drop in ∆ ∞ where the position of this visible drop is altered depending on the aspect ratio. The drop implies that the specified conditions for a vanishing order parameter are met and ∆ ∞ is taken as the height of the identified plateau. Furthermore, we see that the height of the obtained plateau continuously tends to zero where it almost coincides for all aspect ratios. In the following, we will investigate the dependence of the drop on the aspect ratio which marks the transition to a vanishing order parameter.
For r = 5 (purple boxes) we find a distinct drop at 1/(k F a i ) t ≈ −0.56 to a plateau with a small height. When increasing the aspect ratio to r = 10 (green crosses) we observe that the transition to a plateau behavior is shifted to smaller quench strength, i.e., 1/(k F a i ) t ≈ −0.69. At the same time the height of the plateau after the transition is increased. In contrast, increasing the aspect ratio even further to r = 20 (blue circles) and r = 50 (orange triangles) leads to a reversal in the shift of the necessary quench strength for the transition. For r = 50 it is given by 1/(k F a i ) t ≈ −0.56, while the height of the plateau is reduced, since it is determined by the same curve for all aspect ratios which is set by the nonlinear behavior of the equations of motion.
In order to investigate the shifts of the transition to a dynamical vanishing in more detail, we plot the initial coupling parameter at the transition point 1/(k F a i ) t in dependence of the aspect ratio in the inset of Fig. 3 . For small aspect ratios r ≤ 8 we find that 1/(k F a i ) t decreases linearly which is illustrated by the linear fit A. In contrast, for r ≥ 9 the transition quench strength increases again and shows an a/r + b (fit B) dependence, where b ≈ −0.55 is in agreement with the maximum value of 1/(k F a i ) t in the main part of Fig. 3 . It provides a limit of the quench strength necessary for aspect ratios r ≥ 50. In the following, we will investigate these two confinementinduced shifts of the critical value of the quench strength characterized by 1/(k F a i ), responsible for the transition to the dynamical vanishing. To this end, we will analyze the dominant energy and, hence, time scales of the system. This includes the dependence of the initial decay constant β, which turns out to control the behavior according to fit A, as well as the period of the Higgs mode in phase II, which will control the emergence of a dynamical vanishing and the visibility of a plateau in the range of aspect ratios where fit B applies.
In order to observe a vanishing of the order parameter the initial decay needs to be sufficiently fast compared to the trap time τ trap (cf. criterion A). Therefore, we start by investigating the initial decay characterized by β with respect to the trap time τ trap in dependence of the initial coupling 1/(k F a i ) and the aspect ratio r. Figure 4 shows βτ trap for a range of different quenches which are identical to those in Fig. 3 . We find a nonlinear increase of the initial decay rate with an increased quench strength for all aspect ratios. That is, a stronger quench leads to a faster decay as expected for our initial value problem: the initially excited occupations and coherences depend on the order parameter in the initial system. Since we keep the final system identical the initial system for a larger quench is located closer to the BCS-BEC crossover and, hence, features a larger gap. This leads to a wider pairing interval determined by the BdG coefficients u m , v m and, therefore, to larger initial values which are distributed over a wider range of energies. This carries over to the spectral properties of the dynamics and thus leads to a larger β and, hence, a faster initial decay. Therefore, we establish the criterion βτ trap > 10 as a necessary condition for the vanishing to occur, as discussed in the Appendix.
In the case of a system with an aspect ratio of r = 5 this criterion is met for 1/(k F a i ) > −0.56. This matches with the onset of the dynamical vanishing as seen in Fig. 3 and applies to all systems which show the behavior of fit A. The linear behavior of fit A is inherited from the linear dependence of βτ trap on the aspect ratio which we show in the inset of Fig. 4 at a fixed quench strength. Here, the solid blue line is a linear fit to the data points. Since the dependence of βτ trap on the quench strength is rather small in the range of the shift of 1/(k F a i ) t in Fig. 3 the dependence of 1/(k F a i ) t on r is dominated by the dependence of βτ trap on the aspect ratio which results in the observed linear dependence of fit A due to criterion A.
In contrast, for the other shown aspect ratios in Fig. 4  (r = 10, 20 ) the condition βτ trap > 10 is fulfilled for any quench strength with 1/(k F a i ) > −0.7. Nevertheless, in comparison with Fig. 3 one finds that this does not necessarily lead to a dynamical vanishing of the gap. Furthermore, in the inset of Fig. 3 we found a different dependence of 1/(k F a i ) t on the aspect ratio r for these systems. This suggests that a different effect, which turns out to be connected to criterion B, is responsible for the transition point to the dynamical vanishing. Since these systems are located at the transition between phase I and phase II we go back to a system from phase II [cf. red dash-dotted line in Fig. 2(a) ] and discuss the dependence of the relevant energy scale on the aspect ratio in this phase.
If the period of the Higgs mode T Higgs is large compared to the trap time, i.e., T Higgs /τ trap ≫ 1, a plateau after the initial decay can become visible (cf. Fig. 7 in the Appendix). Additionally to the criterion A of a fast initial decay, characterized by βτ trap , we require the features of the linear Higgs mode of phase II to be non-visible in the dynamics. This is expressed through the condition T Higgs /τ trap ≫ 1 (criterion B). If this second condition is not met, we observe an oscillation of the spatially aver-aged order parameter around the mean value ∆ ∞ even if the initial decay is sufficiently fast.
In order to determine the period of the linear Higgs mode we consider the dominant energy scale in phase II which is given by the main frequency of the amplitude (Higgs) mode f Higgs . Previous studies [26, 34] showed that f Higgs depends on the quench strength: in the case of a very small quench f Higgs is given by 2E min . Further, for all quenches from "phase II" f Higgs is closely connected to the mean value ∆ ∞ of the oscillations [44] . Therefore, f Higgs decreases with increasing excitation strength as can be seen from Fig. 3 . However, the decrease of ∆ ∞ occurs in the same manner for all aspect ratios and, hence, does not introduce a significant dependence of f Higgs on the aspect ratio. As a result, the dependence of f Higgs on the aspect ratio is in good approximation solely inherited from the dependence of E min on the aspect ratio.
We investigate this dependence in the following sections and find that the minimal quasiparticle energy E min increases with the aspect ratio. Therefore, the period of the Higgs mode T Higgs decreases with increasing aspect ratio and it turns out that this decrease is in good agreement with the 1/r behavior of fit B in the inset of Fig. 3 , which we will come back to in Sec. III E. Hence now the transition is determined by the criterion B.
Summarizing, we have analyzed the confinementinduced effects on the continuous transition to the dynamical vanishing of the order parameter in a cigarshaped ultracold Fermi gas. Exploiting our introduced classification, we have formulated two criteria which need to be fulfilled in order to observe a dynamical vanishing characterized by the emergence of a plateau. These two criteria depend contrarily on the aspect ratio and, hence, we distinguish the following two cases. For small aspect ratios r < ∼ 8 the transition is determined by the initial decay constant β ∝ E min . This leads to a linear shift of the transition in dependence of the order parameter according to fit A. For larger aspect ratios r > ∼ 9 (fit B) the transition is determined by the period of the Higgs mode where again the relevant dependence is solely given by E min . Since we have shown that both criteria depend on E min we will provide a more general study of this key variable in the next sections.
D. Scaling properties
In this section we will consider the dependence of E min on the aspect ratio r in a more general situation where the aspect ratio r = ω ⊥ /ω is changed as r → λr, where we now keep a fixed particle number of N = 1000 as opposed to the parameter s. In order to achieve this scaling of the aspect ratio r we consider three possible options which are shown in Table I . For each option we numerically calculate E min , E F , and β and extract the scaling behavior by fits analog to those in the inset of Fig. 4 .
Option one is to keep ω fixed, which is similar to the previous method but now we keep the particle number N fixed, option two ensures a constant ω ⊥ , while option three leaves the volume of the trap unchanged. Strictly speaking, all scaling possibilities could already be deduced from options one and two but we add option three for illustration. Our numerical study shows that the scaling of both βτ trap and E min τ trap is -independent of the way in which the scaling of the aspect ratio r is performed-proportional to λ 2/3 . The scaling of E min τ trap follows directly from the gap equation (7): we consider ∆ k to be located at the bottom of a subband, i.e., ξ k ≈ µ, and omit the term introduced for regularization. Then, according to Eq. (5) ∆ k /E k ≈ 1 holds true and the effect of the scaling is determined by V kk ′ ∝ a ω ⊥ ω 1/2 . Bearing in mind, that we keep 1/(k F a) fixed which implies a scaling of the scattering length as a ∝ k
, this yields in all three options E min τ trap ∝ λ 2/3 , as one can deduce from Table I . Additionally, this also implies βτ trap ∝ λ 2/3 , since β ∝ E min as argued in Sec. III B. However, we point out that from the inset of Fig. 4 we find a different scaling of βτ trap which can be explained by the fact that the particle number is changed when keeping the parameter s = const. If we keep s = const. and scale the aspect ratio as r → λr we find from our analysis that N → λN and, hence, E F → λE F . However, in order to generalize our previous findings to any scaling of the aspect ratio thus to experimentally more relevant systems in a cigar-shaped trap, we will discuss the behavior for larger particle numbers in the next subsection.
E. Large system
We will now consider a cloud of 6 Li atoms in a cigarshaped trap with larger particle numbers and calculate the smallest BdG quasiparticle energy E min of the system. As argued above the relevant time scales of the dynamics are set by this pairing property for a fixed quench. Hence, in this section we extend our systematic analysis to much larger particle numbers up to N ∼ 10 5 by only calculating the ground-state properties of the given system. A full dynamical calculation of these systems is not possible due to numerical constraints. Figure 5 shows the increase of the smallest BdG eigenenergy E min in dependence of the particle number N , where the aspect ratio is scaled such that ω = const.. The dashed red line shows a fit E min = a N 1/3 + b for an aspect ratio r = 5 and the oscillations visible for small particle numbers are the aforementioned quantum size oscillations [11] , which can be neglected for the general analysis of the scaling in this paper. Overall, we extract from our numerical data that E min ∝ N 1/3 for all aspect ratios r which also implies that β ∝ N 1/3 .
With this result, we now go back to the case discussed in Sec. III C where the parameters s and ω are fixed which implies that the particle number scales with N ∝ r. Combining the general scaling properties of E min τ trap ∝ r 2/3 in Table I with the dependence on the particle number yields T Higgs ∝ 1/f Higgs ∝ 1/E min ∝ 1/r and β ∝ E min ∝ r. This is in good agreement with the inset of Fig. 3 and the inset of Fig. 4 , respectively.
Furthermore, the black dash-dotted line shows the value of E min for N = 1 · 10 6 as obtained from the shown fit. From the intersections with the black dash-dotted line obtained in Fig. 5 we can choose system parameters with rather small particle numbers which resemble closely the situation in a system with a far larger particle number but smaller aspect ratio. In the next section we present the calculation of the condensate fraction for a system with r = 50 and N = 8428 for this reason.
F. Condensate fraction
We obtain the condensate fraction of the system following the usual definition of the condensate fraction c of the order parameter [43] , which yields
where V is the volume, N the particle number, and g the interaction strength. In Fig. 6 the dynamics of the condensate fraction and the modulus of the averaged gap is shown for a system with an aspect ratio of r = 50 and a particle number N = 8428. This is the system that energetically resembles a system with an aspect ratio of r = 5 and a particle number of N = 1 · 10 6 . From Fig. 6(a) it becomes apparent that the visibility of the signature of the Higgs mode is reduced in the signal of the condensate fraction due to the quadratic dependence on the order parameter. While the signal still contains all frequencies inherited from the Higgs mode, the amplitude of these oscillations is barely visible and the resulting dynamics of the condensate fractions fulfills all requirements to be identified as vanishing. In the case of a smaller quench, i.e., further away from the transition, the signal of the condensate fraction is large enough to maintain the visibility of the Higgs mode, i.e., its shape and, hence, main frequency, as is shown in Fig. 6(b) .
Overall, the condensate fraction could provide a measure to detect amplitude oscillations of the superfluid gap in an ultracold Fermi gas. However, due to the quadratic dependence on the gap the condensate fraction is already for rather small quenches reduced to < ∼ 10% of the initial condensate fraction. This can make it challenging to detect oscillations in a time-resolved manner. Further, when analyzing the transition to a vanishing order parameter this will lead to observing a shift of the transition to smaller quench strength. However, we expect the finite-size effects to be qualitatively identical for the condensate fraction as previously discussed for the modulus of the spatially averaged order parameter since all main frequencies are inherited.
IV. CONCLUSION
In this paper, we have presented a numerical study of the dynamical vanishing of the order parameter in a cigar-shaped ultracold Fermi gas in the framework of the fully microscopic BdG equations. We have calculated the spatiotemporal dynamics of the order parameter after an interaction quench. We have observed a rapid initial decay as well as a revival which both affect the whole trap. Thus, both can be characterized by the spatially averaged gap. Whereas, after the initial decay we find an oscillation of the order parameter in the longitudinal direction of the harmonic trap which is not seen in the average value due to the continuity equation.
Exploiting the spatially averaged order parameter, we have demonstrated that the dynamical vanishing in inhomogeneous systems is robust with respect to the size and aspect ratio of the system while modifications to this vanishing arise from the finite size due to the trap potential. The occurrence of a vanishing order parameter predicted in the homogeneous case is maintained but the precise onset of the vanishing is altered by the pairing properties in the trap. We find that the pairing strength, characterized by the gap at the chemical potential or equivalently by the smallest BdG eigenenergies, increases with the aspect ratio as r 2/3 /τ trap and with the particle number as N 1/3 . We have found that the transition to a vanishing order parameter in a cigar-shaped ultracold Fermi gas is determined by two criteria which both need to be fulfilled and which depend contrarily on the aspect ratio of the trap. For small aspect ratios the position of the transition is determined by the initial decay rate which needs to be sufficiently fast compared to the characteristic time scale of the trap. In this case we observe that the quench strength necessary for the transition decreases with increasing aspect ratio. However, for smaller quench strengths and larger aspect ratios the signature of the linear Higgs mode from "phase II" becomes more prominent which prevents a vanishing to be visible. Then, the transition is determined by the linear Higgs mode which leads to an increasing transition quench strength with increasing aspect ratio.
Furthermore, we have shown that the condensate fraction on the BCS side of the BCS-BEC crossover can be a suitable measure to access the Higgs mode in such a cigar-shaped ultracold Fermi gas. Nevertheless, we also find that the condensate fraction will reduce the amplitude of the signal compared to the order parameter and does not mirror the Higgs mode exactly. We expect that this does not introduce new effects but will rather only lead to a shift of the observed transition.
Appendix: Fitting procedure
In this Appendix we discuss our fitting routine in order to obtain ∆ ∞ in "phase I" and "phase II" from our Exemplary illustration of our fitting routines in order to obtain ∆∞ for a system with r = 10 and a quench with 1/(kF ai) = −0.66. In this system we find a plateau behavior before τtrap, which is characterized by the non-vanishing mean value of the plateau.
numerical data ∆(t).
In Fig. 7 we show the results of the fitting routines carried out for an exemplary case of r = 10 and 1/(k F a i ) = −0.66, i.e., a system with a plateau with a non-vanishing height (cf. Fig. 3 ). First, we fit f (t) = a exp(−βt) + c to our data (black dotted line) and check whether β τ trap /2 > 5 holds true. If that is the case the initial decay is fast enough that at t = 0.5τ trap the amplitude of the oscillations described by an exponential decay contributes with less than 1% to the total signal and a plateau can become visible before τ trap as shown in Fig. 7 .
Since the exponential fit is only carried out for the initial decay the offset does not identify the visibility of a plateau correctly in the transition between the two phases. Therefore, if β τ trap /2 > 5 is fulfilled, we carry out a linear fit from 5/β to 0.8 τ trap and require the relative incline to be less than 10%. If these criteria are met we find a plateau and choose ∆ ∞ to be the mean value for 5/β ≤ t ≤ 0.8 τ trap ; otherwise, we take ∆ ∞ as the arithmetic mean over the whole calculation time. The lower bound of the interval is motivated by the initial exponential decay while the upper bound ensures that the emergence of the peak at τ trap does not hinder a detection of a visible plateau. A linear fit is necessary to rule out oscillatory behavior as, for example, seen in the red dash-dotted line in Fig. 2 . This routine enables us to systematically distinguish between the dynamical vanishing of the gap including the height of the plateau and linear dephasing dynamics of "phase II".
In mean-field theory a phase transition is obtained in the thermodynamic limit, which has previously been done on the case of the homogeneous system [26] . In order to investigate the confinement-induced effects to the dynamics in such an ultracold Fermi gas the thermodynamic limit is not suitable. This directly implies that the transition between the "phase I" and "phase II" takes place continuously in the inhomogeneous system. The above introduced classification quantifies the effects of the two "phases" and, hence, enables us to investigate the effects of the aspect ratio to this continuous transition. Although the criteria are well motivated from our observations of the dynamical behavior the exact numerical values for each criteria are within a reasonable range arbitrarily. However, changing the criteria within a reasonable range does not have a qualitative effect on the results presented in this paper. Solely, small quantitative changes such as slightly shifted transition points to the vanishing regime or heights of the plateau occur.
